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Tight Closure of Certain Submodules of the Top Local
Cohomology
Zhongming Tang¤
Abstract. Let (R;m) be a d-dimensional Cohen-Macaulay local
ring of prime characteristic. Then the top local cohomology mod-
ule Hdm(R) carries important information of R. So we will study the
tight closure of submodules of Hdm(R). It is shown that R is weakly
F -regular if every ¯nitely generated submodule of Hdm(R) is tightly
closed in Hdm(R). The colon capturing properties of tight closure of
certain submodules of Hdm(R) are also obtained.
1. Introduction
Let (R;m) be a d-dimensional Noetherian local ring of characteristic p >
0. The top local cohomology module Hdm(R) carries important information
of R, for example, Smith[7] used the top local cohomology module to study
the F -rational property of R and showed that R is F -rational if and only
if Hdm(R) has no proper nontrivial submodules stable under the action
of Frobenius provided R is excellent Cohen-Macaulay. There are many
researches on the tight closure of the zero submodule of Hdm(R), cf. [5, 6].
In this paper, we will discuss the tight closure of submodules of Hdm(R)
and obtain one characterization of weakly F -regular rings by the top local
cohomology module.
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Denote the complement of the union of all minimal prime ideals of R
by R±. For an ideal I of R, its tight closure, denoted by I¤, is the set of
all elements x 2 R which satisfy the condition that there exists c 2 R±
such that for all large q = pe, cxq 2 I [q], where I [q] is the ideal generated
by all the elements aq, a 2 I. We say that I is tightly closed if I = I¤.
Now suppose that the ring R is local. Then R is called weakly F -regular
(resp. F -rational) if every ideal (resp. parameter ideal) of R is tightly
closed(cf.[3]).
On the other hand, there is also a theory of tight closure for R-modules.
Consider the case of Hdm(R). Let x1; : : : ; xd be a system of parameters for
R. Then the local cohomology module H im(R) is just the i-th cohomology
module of the following ·Cech complex
0! R!
M
i
Rxi !
M
i1;i2
Rxi1xi2 ! ¢ ¢ ¢ ! Rx1¢¢¢xd ! 0:
Set x = x1 ¢ ¢ ¢xd. Then any element ´ of Hdm(R) can be written as ´ = [ axt ],
a 2 R; t ¸ 0, where [ ] denotes the equivalence class in the cokernel of the
last nonzero map in the above ·Cech complex. Note that ´ = 0 if and only if
axn 2 (xt+n1 ; : : : ; xt+nd ) for some integer n ¸ 0, which is equivalent to that
a 2 (xt1; : : : ; xtd) when R is Cohen-Macaulay(cf.[3]). Let M be a submodule
of Hdm(R) and M
[q] the submodule generated by all the elements [ a
q
xtq ],
[ axt ] 2 M . By the de¯nition, the tight closure M¤Hdm(R) of M in H
d
m(R) is
the following½·
a
xt
¸
2 Hdm(R)
¯¯¯¯
there is c 2 R± such that c
h
aq
xtq
i
2M [q] for all large q
¾
:
When M¤
Hdm(R)
=M , we say that M is tightly closed in Hdm(R).
In section 2, we will discuss the presentation of the ¯nitely generated
submodules of Hdm(R) and their tight closures. It is proved in the section 3
that R is weakly F -regular if and only if every ¯nitely generated submodule
of Hdm(R) is tightly closed in H
d
m(R). Section 4 is devoted to studying the
tight closures of the submodules having the form N :Hdm(R) I, that we
call "colon capturing". Related results to test ideals and Hilbert-Kunz
multiplicities are obtained in sections 5 and 6.
Tight Closure of Certain Submodules of the Top Local Cohomology 3
2. Preliminaries
Finitely generated submodules of Hdm(R) have a clear presentation which
is related to the ideals of R.
Let M be a ¯nitely generated R-submodule of Hdm(R). Set
M = R
·
a1
xt1
¸
+ ¢ ¢ ¢+R
·
an
xtn
¸
:
As [ ai
xti
] = [ x
sai
xti+s
] for any s > 0, we may assume that t1 = ¢ ¢ ¢ = tn = t.
Thus
M =
½
r1
·
a1
xt
¸
+ ¢ ¢ ¢+ rn
·
an
xt
¸¯¯¯¯
ri 2 R
¾
=
½·
a
xt
¸¯¯¯¯
a 2 (a1; : : : ; an)
¾
Suppose that R is Cohen-Macaulay. Let [ bxs ] 2M¤Hdm(R). We may assume
that s ¸ t. Then there exists c 2 R± such that, for large q = pe,
c
·
bq
xsq
¸
=
·
cbq
xsq
¸
2M [q] =
½·
a
xtq
¸¯¯¯¯
a 2 (a1; : : : ; an)[q]
¾
:
Thus [ cb
q
xsq ] = [
a
xtq ] for some a 2 (a1; : : : ; an)[q]. Since R is Cohen-Macaulay,
it follows that
cbq 2 (xs¡t(a1; : : : ; an) + (xs1; : : : ; xsd))[q];
which implies that
b 2 (xs¡t(a1; : : : ; an) + (xs1; : : : ; xsd))¤:
Conversely, for any s ¸ t and any b 2 (xs¡t(a1; : : : ; an) + (xs1; : : : ; xsd))¤, it
is easy to see from the above argument that [ bxs ] 2M¤Hdm(R). Hence
M¤Hdm(R) =
½·
b
xs
¸¯¯¯¯
s ¸ t; b 2 (xs¡t(a1; : : : ; an) + (xs1; : : : ; xsd))¤
¾
:
3. Weakly F -regular rings
The following result is well-known.
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Proposition 3.1. ([1, Proposition 2.2]) Let (R;m) be a d-dimensional
Cohen-Macaulay local ring of prime characteristic. Then R is F -rational
if and only if 0 is tightly closed in Hdm(R).
As a generalization, the following theorem shows that the weakly F -
regular property of R is equivalent to that every ¯nitely generated sub-
module of Hdm(R) is tightly closed in H
d
m(R). Notice that, by Hochster and
Huneke [2, Proposition 8.7], when R is weakly F -regular, every submodule
of a ¯nitely generated R-module is tightly closed. Although from this result
we can also deduce the necessary part of the following theorem as the tight
closure and the ¯nitistic tight closure of a ¯nitely generated submodule of
Hdm(R) are the same, we give a direct proof for the sake of completeness.
Theorem 3.2. Let (R;m) be a d-dimensional Cohen-Macaulay local ring
of prime characteristic p. Then R is weakly F -regular if and only if every
¯nitely generated submodule of Hdm(R) is tightly closed in H
d
m(R).
Proof. Let x1; : : : ; xd be a system of parameters for R.
Suppose ¯rstly that R is weakly F -regular. Then every ideal of R is
tightly closed. Let M be a ¯nitely generated R-submodule of Hdm(R).
Then M can be written as
M =
½·
a
xt
¸¯¯¯¯
a 2 (a1; : : : ; an)
¾
for some a1; : : : ; an 2 R and an integer t > 0.
Let [ bxs ] 2M¤Hdm(R). Then we may assume that s ¸ t. By the observation
in the previous section, we get
b 2 (xs¡t(a1; : : : ; an) + (xs1; : : : ; xsd))¤ = xs¡t(a1; : : : ; an) + (xs1; : : : ; xsd):
It turns out that [ bxs ] = [
a
xt ] for some a 2 (a1; : : : ; an), so, [ bxs ] 2 M .
Therefore M is tightly closed in Hdm(R).
Conversely suppose that every ¯nitely generated submodule of Hdm(R) is
tightly closed in Hdm(R). Let I = (a1; : : : ; an) be an ideal of R and b 2 I¤.
For any t > 0, set
Mt =
½·
a
xt
¸¯¯¯¯
a 2 I
¾
:
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ThenMt is a ¯nitely generated submodule ofHdm(R). As b 2 (I+(xt1; : : : ; xtd))¤,
there is c 2 R± such that, for q À 0, cbq 2 I [q] + (xt1; : : : ; xtd)[q], hence
c[ b
q
xtq ] 2M
[q]
t . It follows that ·
b
xt
¸
2Mt¤Hdm(R):
But, by the assumption, Mt is tightly closed in Hdm(R), then [
b
xt ] 2Mt. As
R is Cohen-Macaulay, from the presentation of elements of Mt, we see that
b 2 I + (xt1; : : : ; xtd). It follows that
b 2
\
t>0
(I + (xt1; : : : ; x
t
d))
µ
\
t>0
(I + (x1; : : : ; xd)t)
= I:
Hence I = I¤, this proves that R is weakly F -regular.
4. Colon Capturing
In the tight closure theory of the ring R, there are many so-called colon-
capturing property which have the forms I :R J . Although by duality there
should exist some kind of colon-capturing property about the submodules
of Hdm(R), it is not possible to get the colon-capturing property about the
submodules of Hdm(R) from the colon-capturing property of the ring R even
when R is Gorenstein. Hence it is worthwhile to use a direct approach to
give colon-capturing results in Hdm(R).
As Hdm(R) is an Artinian R-module, in order to discuss the properties of
Hdm(R), let us review some notions on Artinian modules.
Let A be an Artinian R-module and x1; : : : ; xn 2 m. We say that
x1; : : : ; xn is an A-coregular sequence if
0 :A (x1; : : : ; xi¡1)
xi¡! 0 :A (x1; : : : ; xi¡1)
is surjective for i = 1; : : : ; n. Note that, when x1; : : : ; xn is an A-coregular
sequence, so are its permutation sequences and powers(cf.[4]).
When (R;m) is Cohen-Macaulay of dimension d, for any system of pa-
rameters x1; : : : ; xd, 0 :Hdm(R) (x1; : : : ; xd) has ¯nite length and x1; : : : ; xd is
an Hdm(R)- coregular sequence in virtue of [8, Proposition 2.1].
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For an R-regular sequence x1; : : : ; xn, it is easy to get that
(xs11 ; : : : ; x
sn
n ) :R (x
t1
1 ; : : : ; x
ti
i ) = (x
s1
1 ; : : : ; x
sn
n ; x
s1¡t1
1 ¢ ¢ ¢xsi¡tii );
where s1; : : : ; sn and t1; : : : ; ti are positive integers and tj < sj , j = 1; : : : ; i.
The following lemma is the dual form of the above result.
Lemma 4.1. Let A be an Artinian R-module and x1; : : : ; xn an A-coregular
sequence. Then, for any 0 · si < ti, i = 1; : : : ; n,
xs11 ¢ ¢ ¢xsnn (0 :A (xt11 ; : : : ; xtnn )) = 0 :A (xt1¡s11 ; : : : ; xtn¡snn ):
Proof. Since
xs11 ¢ ¢ ¢xsnn (0 :A (xt11 ; : : : ; xtnn )) = xs22 ¢ ¢ ¢xsnn xs11 (0 :0:A(xt22 ;:::;xtnn ) x
t1
1 );
it is enough to show that xs11 (0 :A x
t1
1 ) = 0 :A x
t1¡s1
1 . Let a 2 0 :A xt1¡s11 .
Then a = xs11 a1 for some a1 2 A. From 0 = xt1¡s11 a = xt11 a1, we see that
a1 2 0 :A xt11 . The result follows.
We will need the following result in the proof of our main theorems.
Lemma 4.2. Let R be Cohen-Macaulay and x1; : : : ; xd a system of param-
eters for R. Then, for any 1 · n · d and q,
(0 :Hdm(R) (x1; : : : ; xn))
[q] = 0 :Hdm(R) (x
q
1; : : : ; x
q
n):
Proof. It is clear that (0 :Hdm(R) (x1; : : : ; xn))
[q] µ 0 :Hdm(R) (x
q
1; : : : ; x
q
n).
Conversely, let ® 2 0 :Hdm(R) (x
q
1; : : : ; x
q
n). Assume that ® = [
a
xs ] with
s = tq. Then
a 2 (xtq1 ; : : : ; xtqd ) :R (xq1; : : : ; xqn)
= (xtq1 ; : : : ; x
tq
d ; (x
t¡1
1 ¢ ¢ ¢xt¡1n )q)
= (xt1; : : : ; x
t
d; x
t¡1
1 ¢ ¢ ¢xt¡1n )[q]
= ((xt1; : : : ; x
t
d) :R (x1; : : : ; xn))
[q]:
As [ a
0
xt ] 2 0 :Hdm(R) (x1; : : : ; xn) for any a0 2 (xt1; : : : ; xtd) :R (x1; : : : ; xn), we
see that ® 2 (0 :Hdm(R) (x1; : : : ; xn))[q].The result follows.
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Let x1; : : : ; xn be an R-regular sequence, it is well-known that, if
(x1; : : : ; xn)¤ = (x1; : : : ; xn);
then, for any r1; : : : ; rn > 0,
(xr11 ; : : : ; x
rn
n )
¤ = (xr11 ; : : : ; x
rn
n );
and
(x1; : : : ; xn¡1)¤ = (x1; : : : ; xn¡1):
The following two theorems may be considered as the dual forms of the
above results in Hdm(R).
Theorem 4.3. Let R be Cohen-Macaulay and x1; : : : ; xd a system of pa-
rameters for R. For any 1 · n · d, if
(0 :Hdm(R) (x1; : : : ; xn))
¤
Hdm(R)
= 0 :Hdm(R) (x1; : : : ; xn);
then, for any r1; : : : ; rn > 0,
(0 :Hdm(R) (x
r1
1 ; : : : ; x
rn
n ))
¤
Hdm(R)
= 0 :Hdm(R) (x
r1
1 ; : : : ; x
rn
n ):
Proof. By induction, it is enough to show that
(0 :Hdm(R) (x
2
1; x2; : : : ; xn))
¤
Hdm(R)
= 0 :Hdm(R) (x
2
1; x2; : : : ; xn):
Let a 2 (0 :Hdm(R) (x21; x2; : : : ; xn))¤Hdm(R). As, by Lemma 4.1, 0 :Hdm(R)
(x1; x2; : : : ; xn) = x1(0 :Hdm(R) (x
2
1; x2; : : : ; xn)), we have
x1a 2 x1(0 :Hdm(R) (x21; x2; : : : ; xn))¤Hdm(R)
µ (x1(0 :Hdm(R) (x21; x2; : : : ; xn)))¤Hdm(R)
µ (0 :Hdm(R) (x1; x2; : : : ; xn))¤Hdm(R)
= 0 :Hdm(R) (x1; x2; : : : ; xn)
= x1(0 :Hdm(R) (x
2
1; x2; : : : ; xn));
it follows that a 2 (0 :Hdm(R) (x21; x2; : : : ; xn)) + (0 :Hdm(R) x1). Hence
(0 :Hdm(R) (x
2
1; x2; : : : ; xn))
¤
Hdm(R)
µ (0 :Hdm(R) (x21; x2; : : : ; xn))+(0 :Hdm(R) x1):
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It remains to show that
(0 :Hdm(R) x1) \ (0 :Hdm(R) (x21; x2; : : : ; xn))¤Hdm(R) µ 0 :Hdm(R) (x
2
1; x2; : : : ; xn):
Let b 2 (0 :Hdm(R) x1) \ (0 :Hdm(R) (x21; x2; : : : ; xn))¤Hdm(R). Then there is
c 2 R± such that, for large q,
cbq 2 (0 :Hdm(R) (x21; x2; : : : ; xn))[q] \ (0 :Hdm(R) x1)[q]
= (0 :Hdm(R) (x
2q
1 ; x
q
2; : : : ; x
q
n)) \ (0 :Hdm(R) x
q
1)
= 0 :Hdm(R) (x
q
1; x
q
2; : : : ; x
q
n);
where the ¯rst equality is by Lemma 4.2. Hence
b 2 (0 :Hdm(R) (x1; x2; : : : ; xn))¤Hdm(R)
= 0 :Hdm(R) (x1; x2; : : : ; xn)
µ 0 :Hdm(R) (x21; x2; : : : ; xn):
The result follows.
Theorem 4.4. Let R be Cohen-Macaulay and x1; : : : ; xd a system of pa-
rameters for R. For any 1 · n · d, if
(0 :Hdm(R) (x1; : : : ; xn))
¤
Hdm(R)
= 0 :Hdm(R) (x1; : : : ; xn);
then
(0 :Hdm(R) (x1; : : : ; xn¡1))
¤
Hdm(R)
= 0 :Hdm(R) (x1; : : : ; xn¡1):
Proof. Firstly note that
(0 :Hdm(R) (x1; : : : ; xn¡1))
¤
Hdm(R)
=
[
s>0
(0 :Hdm(R) (x1; : : : ; xn¡1))
¤
Hdm(R)
\ (0 :Hdm(R) xsn):
Let a 2 (0 :Hdm(R) (x1; : : : ; xn¡1))¤Hdm(R) \ (0 :Hdm(R) x
s
n). Then there is
c 2 R± such that, for large q,
caq 2 (0 :Hdm(R) (x1; : : : ; xn¡1))[q] \ (0 :Hdm(R) xsn)[q]
= (0 :Hdm(R) (x
q
1; : : : ; x
q
n¡1)) \ (0 :Hdm(R) xsqn )
= 0 :Hdm(R) (x
q
1; : : : ; x
q
n¡1; x
sq
n )
= (0 :Hdm(R) (x1; : : : ; xn¡1; x
s
n))
[q];
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where the ¯rst and third equalities are by Lemma 4.2. it follows that a 2
(0 :Hdm(R) (x1; : : : ; xn¡1; x
s
n)
¤
Hdm(R)
. But, by the assumption and Theorem
4.3,
(0 :Hdm(R) (x1; : : : ; xn¡1; x
s
n))
¤
Hdm(R)
= 0 :Hdm(R) (x1; : : : ; xn¡1; x
s
n):
Hence
a 2 0 :Hdm(R) (x1; : : : ; xn¡1; xsn) µ 0 :Hdm(R) (x1; : : : ; xn¡1);
as required.
It is also well-known that, for any R-regular sequence x1; : : : ; xn,
(x1; : : : ; xn¡1)¤ :R xn = (x1; : : : ; xn¡1)¤:
Similarly, we can prove
Proposition 4.5. Let R be Cohen-Macaulay and x1; : : : ; xd a system of
parameters for R. Then, for any 1 · n · d,
(0 :Hdm(R) (x1; : : : ; xn¡1))
¤
Hdm(R)
= xn((0 :Hdm(R) (x1; : : : ; xn¡1)) + (0 :Hdm(R) xn))
¤
Hdm(R)
:
Proof. It is clear that
xn((0 :Hdm(R) (x1; : : : ; xn¡1)) + (0 :Hdm(R) xn))
¤
Hdm(R)
µ (xn(0 :Hdm(R) (x1; : : : ; xn¡1)) + xn(0 :Hdm(R) xn))¤Hdm(R)
= (0 :Hdm(R) (x1; : : : ; xn¡1))
¤
Hdm(R)
:
On the other hand, for any a 2 (0 :Hdm(R) (x1; : : : ; xn¡1))¤Hdm(R), write
a = xnb with b 2 Hdm(R). There is a c 2 R± such that, for large q,
caq 2 (0 :Hdm(R) (x1; : : : ; xn¡1))[q] = (xn(0 :Hdm(R) (x1; : : : ; xn¡1)))[q] =
xqn(0 :Hdm(R) (x1; : : : ; xn¡1))
[q]; it follows that
cbq 2 (0 :Hdm(R) (x1; : : : ; xn¡1))[q] + (0 :Hdm(R) xqn)
= ((0 :Hdm(R) (x1; : : : ; xn¡1)) + (0 :Hdm(R) xn))
[q]:
Hence b 2 ((0 :Hdm(R) (x1; : : : ; xn¡1)) + (0 :Hdm(R) xn))¤Hdm(R). The result
follows.
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Notice that comparing the equality (x1; : : : ; xn¡1)¤ :R xn = (x1; : : : ; xn¡1)¤,
it is expected that the term 0 :Hdm(R) xn should be omitted in the equality
of the above proposition.
Proposition 4.6. Suppose that R is F-rational. Then, for any submodule
M of Hdm(R), AnnR(M) is a tightly closed ideal of R, and for any ideal I
of R, 0 :Hdm(R) I is a tightly closed submodule of H
d
m(R).
Proof. For any submodules M;N of Hdm(R) and any ideal I of R, we have
(N :R M)¤ µ N¤Hdm(R) :R M;
(N :Hdm(R) I)
¤
Hdm(R)
µ N¤Hdm(R) :Hdm(R) I:
Thus, if N is tightly closed in Hdm(R), then N :R M is a tightly closed
ideal of R and N :Hdm(R) I is a tightly closed submodule of H
d
m(R). By
the assumption, 0 is a tightly closed submodule of Hdm(R). It follows that
0 :R M , i.e., AnnR(M), is a tightly closed ideal of R and 0 :Hdm(R) I is a
tightly closed submodule of Hdm(R).
5. Test Ideals
By the de¯nition, the test ideal ¿ of R consists of all the elements c such
that cI¤ µ I for any ideal I of R, while the parameter test ideal of R is
the set of all the c such that cI¤ µ I holds for all the ideal I generated by
a system of parameters. When R is excellent Cohen-Macaulay, it is shown
in [6, Proposition 4.4] that the parameter test ideal is just AnnR(0¤Hdm(R)).
For the test ideal, we have the following
Proposition 5.1. Let R be Cohen-Macaulay and ¿ the test ideal of R.
Then ® 2 ¿ if and only if ®M¤
Hdm(R)
µ M for any ¯nitely generated sub-
module M of Hdm(R).
Proof. Let ® 2 ¿ . Then, for any ideal J , ®J¤ µ J . Let M be a ¯nitely
generated submodule of Hdm(R). Then, there is t > 0 and an ideal I such
that M = f[ axt ] j a 2 Ig. Any element of M¤Hdm(R) has the form [
b
xs ]
with s ¸ t and b 2 (xs¡tI + (xs1; : : : ; xsd))¤. As ®b 2 xs¡tI + (xs1; : : : ; xsd),
®[ bxs ] = [
®b
xs ] = [
a0
xt ] with a
0 2 I. Hence ®[ bxt ] 2 M , then ®M¤Hdm(R) µ
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M . Conversely, suppose that ®M¤
Hdm(R)
µ M for any ¯nitely generated
submodule M of Hdm(R). Let I be an ideal of R and b 2 I¤. For any
t > 0, set Mt = f[ axt ] j a 2 Ig. Then Mt is a ¯nitely generated submodule
of Hdm(R) and [
b
xt ] 2 (Mt)¤Hdm(R). By the assumption, ®[
b
xt ] 2 Mt, thus
®[ bxt ] = [
a
xt ] for some a 2 I, it follows that ®b 2 I + (xt1; : : : ; xtd). Hence
®b 2
\
t>0
(I + (xt1; : : : ; x
t
d)) µ I;
then ®I¤ µ I. This completes the proof.
6. Hilbert-Kunz Multiplicity
Let I be anm-primary ideal of R. The Hilbert-Kunz multiplicity eHK(I)
of I is de¯ned as
eHK(I) = lim¡!
q
`(R=I [q])
qd
:
It is well-known that, form-primary ideals I µ J of R, eHK(J) = eHK(I) if
and only if J µ I¤. There is a similar result in Hochster and Huneke [2, The-
orem 8.17] which stated that, for ¯nitely generated R-modulesN µW µM
with W=N having ¯nite length, W µ N¤M if and only if `(W [q]M =N [q]M ) ·
Cqd¡1 for all q, where C is a constant. In the following, we will rewrite the
Hilbert-Kunz multiplicity of ¯nitely generated submodules of Hdm(R). Let
M be a ¯nitely generated submodule of Hdm(R). Then M has ¯nite length.
Consider the length `(M [q]) for large q. Write M = f[ axt ] j a 2 Ig, then
M [q] =
½·
b
xtq
¸¯¯¯¯
b 2 I [q]
¾
:
From the following homomorphism
I [q] ¡! M [q]
b 7!
·
b
xtq
¸
we get that
M [q] »= I [q]+(xtq1 ; : : : ; xtqd )=(xtq1 ; : : : ; xtqd ) = (I+(xt1; : : : ; xtd))[q]=(xt1; : : : ; xtd)[q]:
Hence
`(M [q]) = `(R=(xt1; : : : ; x
t
d)
[q])¡ `(R=(I + (xt1; : : : ; xtd))[q]):
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It follows that the following limit exists,
lim¡!
q
`(M [q])
qd
;
and if we denote this limit as eHK(M), then
eHK(M) = eHK((xt1; : : : ; x
t
d))¡ eHK((I + (xt1; : : : ; xtd))):
Theorem 6.1. Suppose that R is Cohen-Macaulay. Let N µM be ¯nitely
generated submodules of Hdm(R). Then eHK(M) = eHK(N) if and only if
M µ N¤
Hdm(R)
.
Proof. We may assume that there are t > 0 and I µ J such that
N =
½·
a
xt
¸¯¯¯¯
a 2 I
¾
; M =
½·
a
xt
¸¯¯¯¯
a 2 J
¾
:
Suppose ¯rstly that eHK(M) = eHK(N), then
eHK((xt1; : : : ; x
t
d))¡ eHK((I + (xt1; : : : ; xtd)))
= eHK((xt1; : : : ; x
t
d))¡ eHK((J + (xt1; : : : ; xtd)));
hence
eHK((I + (xt1; : : : ; x
t
d))) = eHK((J + (x
t
1; : : : ; x
t
d))):
It turns out that
J + (xt1; : : : ; x
t
d) µ (I + (xt1; : : : ; xtd))¤:
Then, for any [ axt ] 2M , there is b 2 (I+(xt1; : : : ; xtd))¤ such that [ axt ] = [ bxt ],
which is in N¤
Hdm(R)
. This shows that M µ N¤
Hdm(R)
. Conversely, suppose
that M µ N¤
Hdm(R)
. Let a 2 J . Then [ axt ] 2 M . By [ axt ] 2 N¤Hdm(R), we
have s ¸ t such that [ axt ] = [ bxs ] with b 2 (xs¡tI + (xs1; : : : ; xsd))¤. Then
xs¡ta 2 (xs¡tI + (xs1; : : : ; xsd))¤, hence
xs¡tJ µ (xs¡tI + (xs1; : : : ; xsd))¤:
It follows that eHK(xs¡tI+(xs1; : : : ; xsd)) = eHK(x
s¡tJ+(xs1; : : : ; xsd)). This
equality implies that eHK(M 0) = eHK(N 0) with
N 0 =
½·
a
xs
¸¯¯¯¯
a 2 xs¡tI + (xs1; : : : ; xsd)
¾
;
M 0 =
½·
a
xs
¸¯¯¯¯
a 2 xs¡tJ + (xs1; : : : ; xsd)
¾
:
But it is clear that N 0 = N and M 0 =M . The result follows.
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